Abstract We elaborate on existing notions of contact geometry and Poisson geometry as applied to the classical ideal gas. Specifically we observe that it is possible to describe its dynamics using a 3-dimensional contact submanifold of the standard 5-dimensional contact manifold used in the literature. This reflects the fact that the internal energy of the ideal gas depends exclusively on its temperature. We also present a Poisson algebra of thermodynamic operators for a quantum-like description of the classical ideal gas. The central element of this Poisson algebra is proportional to Boltzmann's constant. A Hilbert space of states is identified and a system of wave equations governing the wavefunction is found. Expectation values for the operators representing pressure, volume and temperature are found to satisfy the classical equations of state.
Introduction
The link between differential geometry and thermodynamics has provided deep insights. Motivated by the theory of relativity, early treatises presenting a geometric approach to thermodynamics appeared already in the 1930's [27] . More recently we have witnessed the use of Riemannian geometry [10, 11, 18, 19, 22, 24] , contact geometry [2, 12, 13, 20] , Poisson and symplectic formulations [21] , Finsler geometry [11] , symmetric spaces [3] and generalised complex geometry [5] , among others.
Conversely the theory of gravity, a paradigmatic example of a physical theory drawing heavily on differential geometry, has achieved remarkable breakthroughs recently thanks to its extensive use of a thermodynamic approach [15, 16, 17] ; for topical reviews and more extensive references see, e.g., [8, 9] .
In this paper we touch upon issues related to the contact geometry and to the Poisson geometry of the classical ideal gas. Concerning contact geometry [1] , we make the observation that its standard 5-dimensional contact manifold M can be reduced to a 3-dimensional contact submanifold. Concerning Poisson geometry [1] , we propose that classical thermodynamic variables be regarded as operators on a Hilbert space of quantum-like states.
i) The contact geometry of the classical ideal gas is usually described using a 5-dimensional contact manifold M that can be endowed with the local coordinates U (internal energy), S (entropy), V (volume), T (temperature) and p (pressure). This description corresponds to a choice of the fundamental equation, in the energy representation, in which U depends on the two extensive variables S and V , i.e., U = U (S, V ), the conjugate variables being
Then the standard contact form on M reads
It is however well known that the internal energy of the ideal gas can be taken to depend only on the temperature T . This is achievable by means of a Legendre transformation, but it does not account for the reduction in the number of variables that U depends on. In this paper we show that, in the particular case of the ideal gas, a change of variables can be identified in configuration space (coordinatised by S, V ) that reduces the fundamental equation to an expression U = U (x), where x = x(S, V ) is a single coordinate. Supplemented with its corresponding conjugate variable p x , the contact form on this 3-dimensional contact submanifold S (coordinatised by x, p x , U ) now reads
ii) Concerning the Poisson geometry of the ideal gas, we propose that classical thermodynamic variables be regarded as operators on a Hilbert space of quantum-like states. Promoting functions to operators is in fact a natural thing to do, once fluctuations have been described using path integrals [23] in the spirit ref. [14] . We call our analysis quantum-like, by which we mean that a quantum formalism is being used in order to analyse classical thermostatics. Indeed we will see that Planck's quantum of action is absent altogether, its role being played instead by Boltzmann's constant k B .
2 The PDE's of state of the ideal gas Let us consider a number N of particles of ideal gas (monoatomic for simplicity). Its fundamental equation in the energy representation U = U (S, V ) reads [4] 
with U 0 , V 0 certain fiducial values. Each one of the two equations defining the conjugate variables in (1) qualifies as an equation of state. One can introduce Poisson brackets on the 4-dimensional Poisson manifold P (a submanifold of M) spanned by the coordinates S, V and their conjugate variables T , −p, the nonvanishing brackets being
(Our definition of the Poisson brackets {· , ·} follows that of ref. [1] ). Given now an equation of state
we will substitute the canonical variables (1) into it, in order to obtain
We call (7) a partial differential equation of state (for short, PDE of state). There are two independent conjugate variables, hence two independent equations of state. The definition of the pressure p = −∂U/∂V , plus Eq. (9) below, yield the well-known law
while the relation T = ∂U/∂S yields the equipartition theorem,
In turn, Eqs. (8) and (1) yield the first PDE of state,
while Eqs. (9) and (1) yield the second PDE of state
One readily integrates the system (10) and (11) to obtain the fundamental equation (4) we started off with. The successive changes of variables
and
transform the PDE's of state (10) and (11) into
respectively. The solution to (14) and (15) reads
In particular, U does not depend on y. This reflects the well-known fact that the internal energy of an ideal gas can be taken to depend exclusively on the temperature T . It must be realised, though, that the change to T as the one independent variable involves a Legendre transformation in phase space, which is not the case in (12), (13) . Instead, the above change of variables can be performed without exiting configuration space.
Computing the conjugate variable p x corresponding to the variable x we find
Since x is dimensionless, p x has the dimensions of energy. Now comparing to the temperature T as computed from Eq. (4),
we arrive at the equality of the two variables p x and T , modulo Boltzmann's constant to correct the different dimensionalities:
The other canonical variable, p y = ∂U/∂y, vanishes identically by virtue of the PDE of state (14) . We are thus left with a 3-dimensional contact submanifold S (coordinatised by x, p x and U ) of the initial 5-dimensional contact manifold M (coordinatised by U , S, V , T and −p). The contact form β on S given in Eq. (3) can be readily shown to equal the restriction, to the submanifold S, of the contact form α on M given in Eq. (2):
3 The wave equations of the ideal gas
Application of the canonical quantisation rules to the PDE (7) will produce a quantumlike wave equation. Initially, this canonical quantisation will be carried out on a 2-dimensional Lagrangian submanifold (the configuration space spanned by S and V ) of the 5-dimensional contact manifold M. At a later stage will we apply the changes of variables (12) and (13) in order to directly quantise a 1-dimensional Lagrangian submanifold (the configuration space spanned by x) of the 3-dimensional contact manifold S. The two procedures (quantisation and reduction) will be seen to commute.
Quantum commutators
Promoting the real functions S, V , T , p to Hermitian operators on a Hilbert space, the Poisson algebra of functions (5) becomes the Poisson-Lie algebra of operator commutators
where [X, Y ] := XY − Y X by definition. The right-hand side contains a quantum of energy q and the identity operator 1. For reasons that will soon become apparent we will assume our ideal gas to be in thermal equilibrium with a bath kept at a constant temperature T B , so we can write
where k B is Boltzmann's constant and z ∈ C a free parameter. Assume that S and V are represented as multiplication operators on quantum-like wavefunctions ψ(S, V ). Then the conjugate variables act on ψ by differentiation,
Modulo operator-ordering ambiguities, substituting the variables (23) into the equations of state (8) and (9) produces two time-independent wave equations that quantumlike states ψ(S, V ) must satisfy. As we will prove, the solutions to these wave equations will automatically be L 2 -integrable on configuration space
, as befits a thermodynamic probability distribution.
Thermodynamic wave equations
Next we apply the quantum rules (23) to the equations of state (8) and (9) . Three possible orderings for the operators V and p are V p, pV and Weyl's (V p + pV )/2; the simplest one, that we will use here, is V p. Therefore quantum-like states will be simultaneous solutions to
The above system is solved by
with an arbitrary value of the parameter q = zN k B T B ; equivalentely z runs over the whole complex plane C. Some particular choices of z in (26) deserve attention. The value z = 1 leads to the real exponential
while z = i yields the complex exponential
The above states are distinguished in the sense that they are reminiscent of analogous exponentials arising in statistical mechanics and quantum mechanics, respectively.
The wave equations on the reduced phase space
At the quantum-like level, the reduction of the phase space from the 5-dimensional M to the 3-dimensional S takes place exactly as at the classical level. Namely, the change of variables (12), (13) transforms the system (24), (25) into
where U (x) was already identified in Eq. (16) . The above is solved by
in agreement with our previous result (26) . In particular, the y-dependence drops out as before. Now the internal energy is defined modulo the addition of a real constant,
This symmetry reflects the global invariance of the (unnormalised) wavefunction ψ q under the action of C * , the multiplicative group of nonzero complex numbers:
As announced above the two procedures, quantisation and reduction, commute in our case.
Discussion
Classical thermostatics is governed by a system of partial differential equations of state, the integral of which yields the fundamental equation of the thermodynamic system under consideration. In the case of the ideal gas, the PDE's of state are Eqs. (10) and (11), their solution being given by Eq. (4). In this work we have established that the classical PDE's of state for the ideal gas have a set of quantum-like counterparts, the wave equations (24) and (25) . Their integral, Eq. (26), is the wavefunction of a quantum-like description of the ideal gas. Summarising one can say that the quantum-like wavefunction is the exponential of the classical fundamental equation of the ideal gas. This is in perfect analogy with corresponding notions in WKB quantum mechanics.
One can find a coordinate change that transforms the relevant equations into a reduced form. Under reduced we understand that the equations involve the least number of variables; geometrically this corresponds to the reduction from the initial 5-dimensional phase space M to a 3-dimensional subspace S. For the classical PDE's of state this reduced form is (15) ; its corresponding quantum-like equation is (30).
Instead of two real coordinates S, V one is left with just one coordinate x that the fundamental equation U = U (x) and the wavefunction ψ q = ψ q (x) depend on. We have succeeded in finding a coordinate transformation without exiting configuration space (see Eqs. (12), (13)) that reduces the number of independent variables the internal energy depends on. So the phase space of the classical ideal gas is a 3-dimensional contact submanifold S of the standard 5-dimensional contact manifold M. This reduction is a feature of the classical ideal gas that need not (and generally will not) hold for other thermodynamic systems. We should stress, however, that this dimensional reduction from 5 to 3 implies information loss. Inverting this dimensional reduction (i.e., returning from 3 to 5 dimensions) cannot be done without prior knowledge of the equation of state.
The quantum commutators (21) lead to the uncertainty relations ∆S∆T ≥ |q|/2, ∆p∆V ≥ |q|/2. As opposed to the quantum-mechanical uncertainty relation ∆x∆p ≥ /2, the quantum q carries the dimensions of energy (Boltzmann's constant k B multiplied by the temperature T B of the bath). Moreover, since T B is arbitrary, the quantum q may be taken to be arbitrarily small. This is a fundamental difference with respect to quantum mechanics. A model containing both Planck's constant and Boltzmann's constant k B has been considered in ref. [25] .
For any fixed value of the central element q in the quantum Poisson algebra, the space of solutions to the wave equation is a 1-dimensional subspace of the Hilbert space
Moreover, there is a whole C's worth of central elements q for the quantum Poisson algebra (21) . In quantum theory, the Hilbert space
provides a unitary representation of the quantum Poisson algebra (21) ; for this it is necessary (though not sufficient) that the quantum q be pure imaginary [26] . Unitarity of this representation implies that observable quantities are represented by Hermitian operators. Thus unitarity is ruled out for the quantum states with q ∈ R, such as the state (27) . How does the the state (28) fare?
Let us recall [26] that periodic boundary conditions on the wavefunction, ψ(a) = ψ(b), ensure hermiticity of −i∂/∂x on L 2 ([a, b]). In the absence of periodicity, the Hermitian property is generally not guaranteed. However the state (28) is not periodic on [S 0 , S 1 ]× [V 0 , V 1 ]. The inevitable conclusion is that, whatever the value of q, we are forced to deal with a non-Hermitian theory. Now the Hermitian property of operators is a sufficient (but not a necessary) condition to ensure that expectation values are real [26] . Fortunately, the relevant expectation values in the states (26) are all real. This follows by taking the scalar product of Eqs. (24) and (25) with ψ q . In this way classicality is recovered in the form of Eherenfest's theorem [7] for the expectation values of the relevant operators entering the equations of state.
In the presence of a gravitational field, thermal fluctuations have been argued to be indistinguishable from quantum fluctuations [6] . Admittedly, quantum is Hermitean while thermal is not, and the loss of unitarity reported above reflects this fact. In this work we have shown that, in the thermodynamics of the ideal monoatomic gas, one can go a long way replacing thermal with quantum without noticing the difference.
